
Post-Newtonian Binaries

Here T outline how to compute the ingredients we needed-

to compute the frequency domain waveform earlier this week.

I do most calculations at Newtonian order and then write down

the IPN corrections.

The Main PN references are : Gravity - Poisson + Will

↓uc Blanchet's Living Review (1310 . 1528

Einstein's Equation :

Gu =O +u

Linea wave equation :

ga
=

Yur + Nur nuv42/

E discard hu
=> trace reversed : Fur = har-hyur
=> harmonic gauge

: Juhur = o

# nar = -16 TM

this does not include non linear effects (of course)
but gravitational waves are non linear ! Waves make more waves



Relaxed wave equation (p + W Ch6)

gav = you + ye Har = yau- gas g = det (gu)
E don't discard any terms

= Gu = 0

= collect non-linea terms Nar = No Har
, Jahn

Bhar = -16 tur th = Eg Ter + Ne

This equation is exact but reduces to the linear equation

We will solve this iteratively in the post-Minkowski approximation
Assume weak helds : Gm/r221 hav = Gha ..

solve in 2 regions : P + W Ch
. 6

Near
Zone

Ware Zone : d Ma

...
I

~ A

de

hoo = En + 4 - u + 0c- E hij = Erik + (ospols()
hio = Hi + O ge

Hij =U Sij + O c

For a perfect fluid : mass densityp , Velocity feld vi,
pressure p , energy density E

ru = - 44G9 See : P +WE 8
.
2

E
04 = - 4πGv Section 9

. 6
824 = - 4πGp(22 -u + 2/ + 3p/p) + Gu



Weare goingtoconsider a dinary system .
First l is

For Jody A A = 1
,
2) :

da-d f = OtVA

r = Y ,
- Ya = Fa-

,

v= = V
,
- E=

unit vectors==
indices &

,B, U ... Space-time components
indices i

, j , k spatial components

r = vector ri = components r = magnitude
va = [C , v] un normalized 4-velocity
us = 0v4[C ,
] normalized 4-velocity

0(vs) = (-vavgas/]
(reduces to V = /1- ]

*

in flat space 7

== von

these are the conventions from Blanchet.
P+w uses Yatra andAt Sa



We will begin in the new zone to obtain

· Fom:=( , v)

· Energy E

· Kepler's law we +...,

A = m
, S( - y) + mes(X - Y

u = Gm + 17(2)

ui = Gv + 11)2)

↑ =M(2v: - 2 hiv) - ame , -Br] + 1 e)

First we will geta ae by symmetry => = -as

the path of body I will minimize propertime

dr
,
= -C2 gas dy ,

dy,

the relevant legrangian is

=mcl-gas

2 = mc(-goo-2GoiV-CginVk]k
If we want the For to C

,
we need

goo ~ O(c-4)
- O(2-3)

gre o(c -2)



The EoM is the usual geodesic Equation

a paddy,3rdTdE

write in terms of coordinate time using dyadi
d=t/dzz

and the oth component of the EOM to get to eliminate (d + /d=)

a =- V
remember

,
v." = (c

,
i) So

a? = - c M0000 Christoffels from

~ P+W Eg .

8
.

15
-Zil

=Gill +
000

= 2 /GM + Grn]
=

- GRn GM S
E = X- Ya wa need to evaluate this at X = YI

the first tem blows up but this is just a result of our
point particle approximation so set it to Zero (Hadamard

regularization
= -Gen as expected

2 =
- qm - G(((1 +31)v - 3 - 22 +zt]n

- 22 -ni 3



Following P+w Chapt 10

We can determine E by enforcing =o

E = mykv
- G + c(A ,

v" + AzV2 + Agr

usual Newtonian + AyVzG + AjcGm + Ag]
result

most general ansatz given form of a

Determine As by setting = o using and above

I am just going to show that this is tre at c

v = vo = - p-2j

= 2%.

=
-2Gmi + O(c-2)

= mz(- - Gm -n)] + (c) = +C

Writing down E to O(c 2) (p + W Eq10 .3]
E =

my v
- GM

+

mz c2(81 - 32)V4 + 2)(3 + 2)x + ni + 2]) + 0(c))



Now we want to correct Keplers laws
·
This will

require us to show that orbital motion occurs in a plane
so we need [

[ = myjx + c2f + A
,
ve + Ag + As&

Newtonian + 3)

+ 3/ 1]
set El = o

ansatz

Again ,
I will do this to OCC) and write down Okay

O
7

& x) = Exi + Exa

= Gm xi + O(c2) = 0 + O(c - 2

i = myrn(1 + c2(b1 -3yx + (3 +2)]) + o(c-4)

[P+W 10 .4/

Ext is not conserved
,
but the direction of Exi is

ordital motion occurs in a plane



"Ton
work in a more suitable Jasis.

·

z

n = [Cost , sind , 0], = [sind , cost , 0] . z = [0
,
0
, 1]

O is the ordital phase

We can express , V, a in this basis by simply taking derivative

f = r ↓ = in +r E = i-r2n+g)

write 2 =
...

n + (000) as a =

00 .
)n + 1000) &

from this new expression we can read of-

- rq2 =
- G4(1 - c2(( + 32)v - k8 -mm - 2(2 +2))

& rig = 2(2-1

work in the circular limit p =

j = const = w

r - rj2 =
- Gm(1 - 22(0 .]3

- -22 = -51 - 2 (00 . 73
use v = wr and G +Oc

wa = G(1 - c (3 - y)am + o(c + )]
Keplers law !



Now we go to the wave zone to get
- the strain amplitude A(t)

- the radiated power Par

We have his P +W Box 7.

and Paw=(iii) +
.00] P +W Eg 12

. 68

Following P + W See 12
. 3

.

3

We will compute these at Nortonian order so we need

Itij and its derivatives

: = Sexxid +
oo

= m
, vi + May use F = X, - yz and + Femc =O(

= men
take derivatives :

= =

me rivi + viri

= myaviv + rai + airj
↑

La =
-Gro

=

2mz vive
- E rirj



We still have one more derivative to take but I will stop
here and & F this because we will need it for his.

first
...

ri uni vi = ini + radi = rupi
GM

= am me - am nint r
= n2 22 + o(c -2)

I americ pid-nine

clearly symmetric and pidj = 1 = ninj , so trace free

now we have what we need to compute hij ...

haj = -meric nini-pape

We can write out the components

cos26 sined O

uino-pi = S120-cosad G

O 00

I 0 O O 10

hij = h
+

0 - 10 + hx 00
00 o 000

h + = A cos24 nx = A snad

A = -4 mp +
ooo X = GMw/23

A =
-4x(1 - xz(07 - 55z) +

...]
this is not the complete IPN amplitude . the IPN term

I

comes from corrections to 12j
,
but a full IPM amplitude

would contain contributions from higher order multiple moments
this is the amplitude in the PhenomD waveform



Now lets compute Paw= ijij) +...

·si =

-zymric nine-pape

note that ni = -wp pr = whi

· (ii) = 47mm2 83 (n =i + pine)
we need this square (4 : 0 :+ pine] = 2

Pas= Min 29 +...

Par = =x5(1 -x +z) + ..]


